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Abstract This paper mainly considers vibration sup-
pression and angle tracking of a fire-rescue ladder sys-
tem. The dynamical model is regarded as a segmented
Euler-Bernoulli beam with gravity and tip mass, de-
scribed by a set of motion equations and boundary con-
ditions. Based on the nonlinear Euler-Bernoulli beam
model, two active boundary controllers are proposed
to achieve the control objectives. The elastic deflec-
tion and the angular error in the closed-loop system
are proven to converge exponentially to a small neigh-
borhood of zero. Numerical simulations based on finite
difference method verify the effectiveness and the as-
cendancy of active boundary controllers.
Keywords Vibration Suppression · Angle Tracking ·
Active Boundary Control · Nonuniform Euler-Bernoulli
Beam · Distributed Parameter System
1 Introduction
Modern fire-rescue ladders are becoming more and more
lightweight for increasing outreach and improving oper-
ational velocity. For example the ladder shown in Fig. 1
is over 53 meters long and weighs over 4800 kilogram-
s. The cage that is installed on the top of the ladder
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weighs over 50 kilograms, and it can take on board
up to 225 kilograms of load[32]. Indeed, the flexible
fire-rescue ladder is a kind of large-scale flexible ma-
nipulator that should be considered as an example of
distributed parameter systems (DPS). As a result of us-
ing light material, the stiffness of the fire-rescue ladder
decreases and the ladder becomes more susceptible to





Fig. 1 A fire-rescue ladder.
The problems of vibration suppression and target
tracking have been considered in many DPS, e.g. wave
equation systems[12], [23], heat equation systems[21],
[37], string systems[28], beam systems[22], [38], [11], [9],
and so on. The stabilization problem of a one-dimensional
wave equation is considered in [23] and a controller
together with an observer is designed using the back-
stepping method. The stabilization of a system that
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is described by a heat equation is considered in [37]
and a boundary control law is advocated. By using
a Schrödinger equation, the closed-loop heat equation
system is proven to have exponential stability with the
Riesz basis property. In [40], a boundary control strate-
gy is proposed to reduce the vibration of string systems
with input backlash. A crane with varying cable length
is considered in [36], and a tracking method is advocate.
In [9], a force control strategy is used for a one-link flex-
ible arm that is modeled by a Timoshenko beam. Com-
paring with the Timoshenko beam model which con-
siders both bending and shear deformations of a beam
[4], the Euler-Bernoulli beam model is easier, just con-
sidering bending deformations [6]. In applications, the
Timoshenkon beam is suitable for describing short rods
or thick plates [2]; the Euler-Bernoulli beam is suitable
for describing long and thin rods or thin plates [11]. A
class of linear cascaded system that composed by linear
time-invariant systems and Euler-Bernoulli beam sys-
tems is considered in [38], and a feedback controller is
designed to achieve the exponential stability. In [22],
[16], boundary controllers or adaptive boundary con-
trollers are used to suppress vibration of different Euler-
Bernoulli beams. Boundary control is economical and
practical because it just uses several sensors and actua-
tors on two ends of a controlled plant [24], and bound-
ary control has wide application, such as marine riser
systems [7], [43], robot arms [8], crane systems [20], [17],
flapping wing micro aerial vehicles [15], spacecraft sys-
tems [26], string systems [41], [42] and aerial refueling
hose systems [27]. Therefore, boundary control could be
used in fire-rescue ladders.
In reviewing the study of fire-rescue ladders, the
models have developed from rigid beam to flexible beam
for the purpose of improving accuracy, and the con-
trol strategies have made corresponding changes. T-
wo 30-metre fire-rescue ladders are modeled as rigid
beams in [34] and [25], and the control strategies for
trajectory tracking are based on a decentralized ap-
proach. However, the rigid models ignore some infinite-
dimensional characteristics, and cannot reach a good
simulation of oscillation, especially high-frequency os-
cillation because of the disregard [32]. Because of the
fact that the ratio of the length of the ladder to the
minimum gyration radius of the cross section is rela-
tively large, the ladder should be modeled as a Euler-
Bernoulli beam. In [45], authors use a piecewise con-
tinuous Euler-Bernoulli beam to establish a model for
a 53-metre ladder. Comparing homogenized model [1],
the piecewise continuous beam model is more suitable
for the fire-rescue ladders where the upper sections have
smaller cross-sections than the lower sections. But in
[45], the controller designed to adjust system modes and
to damp vibration is based on a decentralized Euler-
Bernoulli beam model. This decentralized approach al-
so lets the ladder system loss some infinite-dimensional
characteristics. In this paper, a set of boundary con-
trol laws will be designed based on the flexible Euler-
Bernoulli beam model directly rather than a decentral-
ized Euler-Bernoulli beam model.
Overall, this paper makes contributions to the study
of fire-rescue ladders and the expansion of boundary
control’s applications. The main contribution is that
the boundary control strategy is proposed directly based
on the partial differential equations model. This ap-
proach of control designing avoids the loss of the infor-
mation of the PDE model. Meanwhile, the closed-loop
system is uniform ultimate bounded in theory and nu-
merical simulations verify the effectiveness of the bound-
ary controllers.
2 Problem Formulation
As a thin plate, the fire-rescue ladder shown in Fig. 1
is modeled as an Euler-Bernoulli beam (Fig. 2). Differ-
ent segments are not shown in Fig. 2. L denotes the
length after extension. θ(t) denotes the flexible angu-
lar position. w(z, t) is vibration deflection at the posi-
tion z for time t. In addition, we mark (·)′ = ∂(·)/∂z,
(·)′′ = ∂2(·)/∂z2, (·)′′′ = ∂3(·)/∂z3, (·)′′′′ = ∂4(·)/∂z4,
















Fig. 2 Dynamical model of the fire-rescue ladder.
The dynamical model of the ladder is divided into
S segments. ℵn means the nth segment, where n =
1, 2, · · · , S, and zn−1 and zn are the lower and up-
per ends of ℵn, respectively. Further, we have z0 = 0,
zS = L, ℵn = [zn−1, zn). Because every segment on the
ladder is considered to be a uniform one, we then have
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ρ(z) = ρn and EI(z) = EIn where z ∈ ℵn, ρn and
EIn denote the linear density and the bending stiff-
ness of ℵn, respectively. Since the ladder tapers from
ℵ1 to ℵS , we then derive ρS ≤ ρn+1 < ρn ≤ ρ1 and
EIS ≤ EIn+1 < EIn ≤ EI1.
Moreover, this paper mainly considers that the de-
formation of the ladder is along the central axis. The
connection between the central axes of two adjacen-
t sections is smooth. Therefore, at the boundary of a
segment zn, the deflection of the ladder is continuous,
namely w(z−n , t) = w(z
+
n , t) and the slope of the deflec-
tion is also continuous, namely w′(z−n , t) = w
′(z+n , t). z
−
n
and z+n belong to segments ℵn and ℵn+1, respectively,
and z−n = zn = z
+
n . Defining P (z, t) = w(z, t) + zθ(t),
we further have P (z−n , t) = P (z
+
n , t) and P
′(z−n , t) =
P ′(z+n , t).
The kinetic energy and the potential energy are sim-
ilar with [32], and the virtual work δWnc done by the
non-conservative force is consist of the virtual work
done by damping and the boundary controllers.






cṖ (z, t)δP (z, t)dz, (1)
where c describes the damping coefficient of the ladder.
According to Hamilton’s principle and using the con-
ditions P (z−n , t) = P (z
+
n , t) and P
′(z−n , t) = P
′(z+n , t),
the dynamical model of the ladder can be obtained. E-
quations of motion are
ρn[P̈ (z, t) + g cos θ(t)] + EInP








w(z, t) sin θ(t)dz + JAθ̈(t)
− EI1P ′′(0, t)−mcgw(L, t) sin θ(t) = M(t),(3)
where z ∈ ℵn, and JA describes the moment of inertia
of the rotary actuator. Boundary conditions are
P (0, t) = 0, (4)
P ′(0, t) = θ(t), (5)
P ′′(L, t) = 0, (6)
EInP
′′(z−n , t) = EIn+1P
′′(z+n , t), (7)
EInP
′′′(z−n , t) = EIn+1P
′′′(z+n , t), (8)
mc[P̈ (L, t) + gcosθ(t)]− EISP ′′′(L, t) = N(t). (9)
Remark 1 Using the definition of P (z, t), P (z, t) = w(z, t)
+zθ(t), we have P (0, t) = w(0, t), w′′(z, t) = P ′′(z, t)
and w′′′(z, t) = P ′′′(z, t). Meanwhile, on the basis of
boundary conditions, we have w(0, t) = 0, w′(0, t) =
P ′(0, t)− θ(t) = 0 and w′′(L, t) = 0.
2.2 Preliminaries
This subsection mainly provides some frequently used
inequations for the following contents. Combining the






























The control objectives in this paper include suppressing
the vibration to a small scale and tracking the target
angle.
3.1 Boundary Control Strategy
By using Lyapunov’s direct method, two boundary con-
trollers are presented as follows.
M(t) = −EI1P ′′(0, t)−mcgw(L, t) sin θ(t)− JAθ̇(t)
−k + 2kθ
2γ
[θ̇(t) + θ(t)− θd] (13)







α Ṗ (L, t)+
(α−ξL)
βα w(L, t), θd is the target
angle while k, ku, kθ, α, β and ξ are positive constants.
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Fig. 3 Block diagram about the process of the closed-loop
system.
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Remark 2 The controllers designed in this paper need
minimum three sensors: a laser displacement sensor,
an inclinometer and an encoder can measure w(L, t),
w′(0, t) and θ(t), respectively. Then ẇ(L, t), w′′(0, t)
and θ̇(t) can be calculated by one-order difference of
w(L, t), w′(0, t) and θ(t), respectively.
3.2 Stability Analysis
For the fire-rescue ladder system described in (2)-(9),
the boundary controllers (13) and (14) are designed to
damp the vibration and track the target angle. By de-
signing appropriate Lyapunov function candidate, we
can prove the efficiency of the controllers [29]. The Lya-
punov function candidate in this paper is as follows.




















































′(z, t)Ṗ (z, t)dz (18)
where γ and ζ are positive constants and θe(t) = θ(t)−
θd.
The Lyapunov function candidate and the closed-
loop ladder system can be analysed through the follow-
ing three steps.
Step 1: The Lyapunov function candidate defined by
(15) has upper and lower boundaries, namely, 0 ≤ λ1
×(VI(t) + VII(t))≤V (t)≤λ2(VI(t) + VII(t)), where λ1
and λ2 are positive constants.
Proof : See Appendix A.
Step 2: The first derivative of Lyapunov function can-
didate given by (15) satisfies V̇ (t) < −λV (t) + ε, where
λ is a positive constant.
Proof : See Appendix B.
Step 3: Following consequences exist in the fire-rescue
ladder system:
a) The flexible ladder’s elastic deflection w(z, t) can s-
tay in the compact set Ω1w and eventually converge to
the compact set Ω2w.
Ω1w := {w(z, t)∈R| |w(z, t)|≤D1},
Ω2w := {w(z, t)∈R| lim
t→∞
|w(z, t)|≤D2},











b) The flexible ladder’s angular error θe(t) = θ(t) − θd
can stay in the compact setΩ1θ and eventually converge
to the compact set Ω2θ.
Ω1θ := {θe(t)∈R| |θe(t)|≤D3},
Ω2θ := {θe(t)∈R| lim
t→∞










Proof : See Appendix C.
Therefore, for the system described by (2) to (3)
and boundary condition (4) to (9), under the control
laws (13) and (14), we can conclude that the closed-
loop ladder system is ultimately uniformly bounded.
Remark 3 V (t) can converge to constant ελ . Combin-
ing the Step 1, we have VI(t)+VII(t) can also converge
to constant ελλ1 . Since VI(t) and VII(t) both can be de-
scribed as a sum of squares (16)-(17), namely, VI(t) ≥ 0
and VII(t) ≥ 0, VI(t) and VII(t) are also convergent.
And every square term in VI(t) and VII(t) is convergent,
in other words, Ṗ (z, t), P ′′(z, t) and ua(t) are conver-
gent. Besides, using Step 3, we further have that the
potential energy and the kinetic energy are convergent.
4 Simulation
To illustrate the flexible fire-rescue ladder system, we




2 and θ(0) = 68◦. And the physical parameter-
s are L = 53 m, mc = 275 kg, JA = 900 kg·m2,
S = 2, c = 0.5 N·s/m, ρn = [160 63] kg/m and
EIn = [10.578 5.354] × 107 N/m. The target angle
θd is 73
◦.
Remark 4 In the numerical simulation, this paper gives
some initial conditions and values of physical parame-
ters. Considering the influence of gravity and the cage,
the initial value elastic deflection is negative. Because
the fire-rescue ladder is always on an extension state
and has load in cage in practical application, the lad-
der’s length L in simulations is 53 m; the initial angle
of the ladder is 68◦ and the weight of the cage mc is
275 kg.
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This section mainly discusses the moving states of
the flexible ladder under three different control states:
without control, PD control and boundary control. When
the flexible ladder moves without control, namely, M(t)
and N(t) are equal to zero. Fig. 4 shows the moving sit-
uation when the fire-rescue ladder has no control. The
ladder moves in an arc because of gravity and damping
force. Fig. 5 shows the angle of the fire-rescue ladder
without control. From Fig. 5, we can find that the lad-
der has no trend that the ladder approaches the target
position. Fig. 6 and Fig. 12 show the vibration offset
of the whole ladder without control and the top of the
ladder with three different control states, respectively.
From Fig. 6 and the blue dotted line in Fig. 12, we can
find that the vibration offset is divergent. With intent
to ensure the fire rescue operation go with swing, the






















Fig. 4 The overall state of the fire-rescue ladder without
control.

















Angle position of the ladder























Fig. 6 The vibration offset of the entire ladder without con-
trol.
As the comparison, proportional differential (PD)
controllers are introduced into the fire-rescue ladder
model. The PD controllers are
MPD(t) = −kpθ[θ(t)− θd]− kdθ θ̇(t), (19)
NPD(t) = −kpww(L, t)− kdwẇ(L, t), (20)
where the control parameters are kpθ = 5.7×107, kdθ =
8.0 × 106, kpw = 1.0 × 105 and kdw = 6 × 103. Fig. 7
demonstrates the moving situation of the ladder under
PD control. Fig. 8 demonstrates the vibration offset of
the entire ladder with PD control. From Fig. 8, we can
find that the ladder’s elastic deflection converges con-
stantly to a stable state and the range of elastic deflec-
tion is 4.2m. The broken green lines in Fig. 11 and Fig.
12 show that the closed-loop ladder system can attain
stabilization within 13s. The angle and the vibration
offset can converge within 4s and 13s, respectively. The
overshoots of the angle and the vibration offset are 1.4◦
and 2.1m (Fig. 8), respectively. The overshoot of the vi-
bration offset at the top of the ladder w(L, t) is 0.8m.
Since the flexible ladder works at a relatively large an-
gle, big overshoots may bring about that the ladder
exceeds the mechanical limit and even suffers damage.
For the engineers’ convenience, the terms sin θ(t)
and cos θ(t) in the controllers (13)-(14) can use Taylor
series to approximate. After Taylor series approxima-
tion at 60◦, the controllers (13)-(14) can be turned into

















[θ̇(t) + θ(t)− θd], (21)














































Fig. 8 The vibration offset of the entire ladder with PD
control.













ẇ(L, t)− kuua(t). (22)
Fig. 9-Fig. 12 show the control effect of the ladder with
the boundary controllers after Taylor series approxi-
mating (21)-(22). The control parameters of the bound-
ary control laws are k+2kθ2γ = 8.02× 10
6, α = 9, β = 1,
ξ = 0.45 and ku = 12700. Fig. 9 demonstrates the mov-
ing situation of the ladder under boundary control. Fig.
10 demonstrates the vibration offset of the entire lad-
der with boundary control. From Fig. 10, we can find
that the ladder’s elastic deflection converges constantly
to a stable state and the range of elastic deflection is
1.8m. The red line in Fig. 11 and Fig. 12 show that the
closed-loop ladder system can attain stabilization with-
in 4s. The angle and the vibration offset can converge
within 2s and 4s, respectively. The overshoots of the
angle and of the vibration offset are 0.2◦ and 1.4m, re-
spectively. The overshoot of the vibration offset at the













































Fig. 10 The vibration offset of the entire fire-rescue ladder
with boundary control.
Comparing with the simulation without control, the
boundary control laws proposed in this paper have ef-
fectiveness, i.e., the boundary control laws can sup-
press the vibration and track the target angle. More-
over, comparing with the simulation with PD control,
the boundary control laws have ascendancy, i.e., the
boundary control laws spend less time on converging
to a small scale and have smaller range of elastic de-
flection than the PD control method. Fig. 13 shows the
control input of the boundary control laws. Combining
[45] and Fig. 13, we can find that an actual fire-rescue
Vibration Suppression and Angle Tracking of a Fire-Rescue Ladder 7


















Fig. 11 The angle of the ladder with PD control or boundary
control.





















Fig. 12 The vibration offset at the top of the ladder.
ladder can supply enough power to achieve the control
objectives.
5 Conclusion
This paper uses a segmented Euler-Bernoulli beam with
gravity, top mass and external damping to establish an
accurate model of a flexible fire-rescue ladder system.
Based upon the dynamical model, two boundary con-
trollers are proposed to realise the control goals that the
vibration of the closed-loop ladder system is suppressed
to a small scale and the angle is able to track the tar-
get. By designing a Lyapunov function, the closed-loop
ladder system is uniformly ultimately bounded and the
elastic deflection w(z, t) remains in a small compact set.
Comparing with PD control method, the boundary con-
trol strategy can converge to a smaller scale of elastic

























Fig. 13 The control input of the boundary controllers M(t)
and N(t).
deflection and track the target angle in less time. Future
avenues of research include using adaptive control [30],
[44], [19], optimize control [39], neural network control
[13], [35], [10], learning-based control methods [31], [14]
for flexible fire-rescue ladders, and validating the simu-
lation results to provide more accurate simulations [5],
[3], and further giving experiments [18].
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Appendices
A. Proof of Step 1







































where δ1 and δ2 are positive constants, ρmax is the max-
imum value of ρn, n ∈ {1, 2, ..., S} and
µ1 = max










where EImin is the minimum value of EIn, n ∈ {1, 2,
..., S}. Therefore, we obtain
−µ1V1(t)≤V3(t)≤µ1V1(t) (A.3)
When µ1 satisfies 0 < µ1 < 1, we have
0 ≤ λ1(V1(t) + V2(t))≤V (t) ≤ λ2(VI(t) + VII(t)). (A.4)
where λ1 = 1− µ1 and λ2 = 1 + µ1.
B. Proof of Step 2
Proof : Taking the derivative of (15) with respect to
time, we have
V̇ (t) = V̇I(t) + V̇II(t) + V̇III(t). (B.1)
Using the motion equation (2), the first term of (B.1)






ρngṖ (z, t) cos θ(t)dz













ρngṖ (z, t) cos θ(t)dz, (B.3)
B2(t) = −βEI1P ′′(0, t)θ̇(t). (B.4)
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Using the motion equation (3), the second term of






ρngw(z, t)[θ̇(t) + θe(t)] sin θ(t)dz
+γ[θ̇(t) + θe(t)][M(t) + EI1P
′′(0, t)
+mcgw(L, t) sin θ(t) + JAθ̇(t)]
+βα2mcua(t)u̇a(t) + kθe(t)θ̇(t). (B.8)












Using the definition of ua(t) and the boundary condi-
tion (9), we have




= βαua(t)[N(t) + EISP
′′′(L, t)









ρngw(z, t)[θ̇(t) + θe(t)]







































where δ5 is positive constant. Substituting (B.9)-(B.11)


























The third term of (B.1) can be written as







































′(z, t)P̈ (z, t)dz













ρnzṖ (z, t)θ̇(t)dz. (B.14)
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ρngw(z, t) cos θ(t)dz − αEISw(L, t)












w(z, t)Ṗ (z, t)dz (B.17)
Using the Young’s inequality, (10) and (11), the first


































where δ7 is a positive constant. Using the Young’s in-






















[Ṗ (z, t)]2dz, (B.19)
where δ8 is a positive constant. So that B5 satisfies
















−2L2δ7gρmax − 2L2cδ8)[w′′(z, t)]2dz (B.20)
Using the definition of P (z, t) and integrating by part,








































































































(L− z)w′(z, t)cṖ (z, t)dz (B.24)
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Considering ρn > ρn+1 and using the Young’s inequal-





















where δ10 is a positive constant. Similar with (B.18),

















Using the Young’s inequality and (11), the third term




















[Ṗ (z, t)]2dz (B.27)


































Using the definition of P (z, t) and integrating by part,






































ρnzθ̇(t)Ṗ (z, t)dz (B.29)













































Using the motion equation (2) and integrating by part,










×ρngw(z, t) cos θ(t)dz + ξρSLw(L, t) cos θ(t)
+ξEISLw(L, t)P














Similar with (B.25), (B.18) and (B.27), the first, third





(ρn − ρn+1)z−n w(z−n , t) cos θ(t)|
















































[Ṗ (z, t)]2dz (B.35)
Using the Young’s inequality and (12), the second term
of B9 satisfies following inequality:

















































Using (B.16), (B.20), (B.23), (B.28), (B.31) and (B.37)

















− cL2(ζ + ξ)δ11
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z−n − ζ(L− z−n )
]
[Ṗ (z−n , t)]
2
+






(S − 1)(ζ + ξ)ρmaxgL
2δ10
(B.38)
Using (B.7), (B.12) and (B.38), we can obtain






αEIn − 2L2(α+ ζ + ξ)δ7gρmax












































z−n − ζ(L− z−n )
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≤−λ3(VI(t) + VII(t)) + ε, (B.39)
where
ε =












and the positive constants α, β, γ, ζ, ξ, c, k, ku, kθ,












14 Jiali Feng et al.
κn = αEIn − 2L2(α+ ζ + ξ)δ7gρmax − 2L2αcδ8




























































− 3(ζ + ξ)
β








































z−n − ζ(L− z−n ) > 0 (B.47)




σ4 = ζL− βδ4 > 0 (B.49)












Combining (A.4) and (B.39), we finally obtain
V̇ (t) ≤ −λV (t) + ε, (B.51)
where λ = λ3/λ2 > 0.
C. Proof of Step 3
Proof : Multiplying inequation (B.51) by eλt yields
∂
∂t
[V (t)eλt] ≤ εeλt. (C.1)
Integrating of the above inequality leads to














≤V (0)e−λt + ε
λ
∈L∞(C.3)

















∀(z, t) ∈ [z+n−1, z−n ]×[0,∞), n ∈ {1, 2, ..., S}. From (C.3)

















∀(z, t) ∈ [z+n−1, z−n ] × [0,∞), n ∈ {1, 2, ..., S}. Further








∀(z, t) ∈ [z+n−1, z−n ]× [0,∞), n ∈ {1, 2, ..., S}. Using (17)
























∀t ∈ [0,∞) (C.8)







, ∀t ∈ [0,∞). (C.9)
